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Recent measurements of the cosmic microwave background (CMB) radiation have shown an ap-
parent tension with the present value of the Hubble parameter inferred from local observations of
supernovae, which look closer, i.e. brighter, than what is expected in a homogeneous model with a
value of H0 equal to the one estimated from CMB observations. We examine the possibility that
such a discrepancy is the consequence of the presence of a local inhomogeneity seeded by primordial
curvature perturbations, finding that a negative peak of the order of less than two standard devia-
tions could allow to fit low red-shift supernovae observations without the need of using a value of
the Hubble parameter different from HCMB0 . The type of inhomogeneity we consider does not mod-
ify the distance to the last scattering, making it compatible with the constraints of the PLANCK
mission data. The effect on the luminosity distance is in fact localized around the region in space
where the transition between different values of the curvature perturbations occurs, producing a
local decrease, while the distance outside the inhomogeneity is not affected.
Our calculation is fully relativistic and non perturbative, and for this reason shows important
effects which were missed in the previous investigations using relativistic perturbations or Newto-
nian approximations, because the structures seeded by primordial curvature perturbations can be
today highly non linear, and relativist Doppler terms cannot be neglected. Because of these effects
the correction to the luminosity distance necessary to explain observations is associated to a com-
pensated structure which involves both an underdense central region and an overdense outer shell,
ensuring that the distance to the last scattering surface is unaffected.
Comparison with studies of local structure based on galaxy surveys and luminosity density analysis
reveals that the density profile we find could in fact be compatible with the one obtained for the
same region of sky where is located most of the Cepheids used to calibrate the luminosity distance of
the supernovae employed for the local H0 estimation, suggesting a possible directional dependence
and calibration bias which could be partially attributed to the presence of the Sloan Great Wall
and hinting to the need of a more careful investigation, including a wider set of Cepheids and low
redshift supernovae in different regions of the sky.
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Introduction Recent observations [1] of the cos-
mic microwave background radiation (CMB) have
pointed to an apparent discrepancy between the value
of the Hubble parameter H0 deduced from cosmolog-
ical data and the value inferred form local astrophys-
ical observations [1, 2, 4].
Following [5] we denote with H0
app the value of the
Hubble constant estimated from observational data
ignoring the presence of an inhomogeneity and with
H0
true the value obtained taking into account the in-
homogeneity. According to this notation, since both
the above mentioned estimations were based on the as-
sumption of homogeneity, the apparent tension can be
expressed as Happ0,SN ≈ 1.09H
app
0,CMB, where H
app
0,SN and
H
app
0,CMB are the values estimated from fitting respec-
tively low-redshift supernovae and CMB observations.
One possible explanation of such a difference could be
the effects of the local structure on the analysis of cos-
mological and astrophysical observations, and we will
show what kind of inhomogeneity could resolve the
tension, i.e. could give Htrue0,SN = H
true
0,CMB.
The effects of a local inhomogeneity on the esti-
mation of cosmological parameters have been studied
already in different contexts such as the estimation
of the equation of state of dark energy [5], where it
has been shown that ignoring the presence of local in-
homogeneities in data analysis can lead to the wrong
conclusion of an apparent evolving dark energy, while
only a cosmological constant is in fact present, or to
corrections [6] to the apparent value of the cosmolog-
ical constant. More recently [7] it was shown that a
present day local inhomogeneity seeded by a peak of
primordial curvature perturbations could in fact not
only affect the estimation of the value of the cosmo-
logical constant, but also of H0. In particular it was
shown that the effects of such an inhomogeneity on
2H0 depend on the spatial gradient of the inhomogene-
ity, and could be important independently from the
amplitudes of the curvature perturbations. This im-
plies that this kind of inhomogeneities arise naturally
from fluctuations of the primordial curvature pertur-
bations, and require a careful investigation. In this
letter we will focus on the early time origin of an in-
homogeneity able to solve the apparent tension in the
H0 estimation, showing how the inflationary scenario
can easily explain the formation of such a local struc-
ture today.
Some of the previous studies of the effects of in-
homogeneities on the expansion rate, such as for ex-
ample [9–11], were based on an implicit assumption
of the validity of the Hubble law and on the use of
a Newtonian approximation to relate the local veloc-
ity field to H . Other approaches are based on the
Hubble bubble model [12], which is the basis of the
top hat spherical collapse, or on the averaging of the
perturbations [13]. All these different attempts to es-
timate the effects of inhomogeneities are based on a
Newtonian or relativistic linear perturbations approx-
imation, and as such are not able to obtain the non
perturbative relativistic effects that the use of an exact
solution of Einstein’s equations allows to calculate. In
fact, as shown in [14], perturbation theory is not able
to fully account for the relativistic effects of an inho-
mogeneities for the luminosity distance, because gra-
dient terms can have important contributions which
are normally ignored in the Newtonian or relativistic
perturbative calculations.
The discrepancy between apparent and true values
of cosmological parameters is a consequence of the in-
trinsic limitation of cosmological or astrophysical ob-
servations involving redshift measurements, implying
an intrinsic uncertainty [15] on the estimation of cos-
mological parameters. Under the assumption of ho-
mogeneity the redshift is explained exclusively as a
consequence of the expansion of the Universe, while
taking into account spatial inhomogeneity additional
contributions to the redshift can come from the spa-
tial variation the gravitational potential. While the
effects of these variations are normally considered to
be small compared to the contribution associated to
the Universe expansion, it is possible that the local
structure can actually induce some important correc-
tions respect to the apparent values, i.e. the ones ob-
tained from observation ignoring the space variation
of the metric.
From the relation between the Hubble parameter
and the luminosity distance in a spatially flat FLRW
Universe:
DL(z) = (1 + z)
∫ z
0
dx
H(x)
, (1)
HΛCDM (z) = Happ0
√
ΩM (1 + z)3 +ΩΛ , (2)
we can see that the larger estimated value of Happ0,SN
compared to Happ0,CMB corresponds to the observation
of supernovae closer than what is expected in a
ΛCDM model with the Hubble parameter equal to
H
app
0,CMB. In the framework of homogenous cosmo-
logical models the observed brightness of low-redshift
supernovae is interpreted as the result of a faster
expansion of the Universe, while if the effects of a
local inhomogeneity are properly taken into account
there is no need to invoke a value of H0 different
from Happ0,CMB. In the particular case of the set
of observations we are interested in this letter we
have that an appropriate local inhomogeneity does
not affect the distance to the last scattering, and
consequently the estimation of H0 from CMB data,
so that the assumption of homogeneity in analyzing
CMB data does not give a different result respect to
the corresponding data analysis taking into account
the inhomogeneity, i.e. Happ0,CMB ≈ H
true
0,CMB. The
presence of a local inhomogeneity could instead affect
the local estimation of H0, so that H
app
0,SN > H
true
0,SN ,
where Htrue0,SN is the value of H0 which according to
the above definitions is obtained from the data taking
into account the effects of the inhomogeneity. In
presence of an inhomogeneity in fact the determina-
tion of H0 from D
obs
L (zSN ), where zSN ≈ 0.04 is the
mean redshift of the supernovae observations used for
the local estimation of H0 [2], should not be based
on the standard ΛCDM redshift distance relation,
but another one which takes into account the local
inhomogeneity, and in this way the discrepancy can
be solved, i.e. Happ0,CMB ≈ H
true
0,CMB = H
true
0,SN .
Low red-shift supernovae and the H0 estima-
tion We will adopt the following notation for the
luminosity distance, DmodL (z,H0), where we are de-
noting with a superscript the cosmological model or
the observed data, and H0 is explicitly treated as an
argument to avoid confusion. According to the above
notation low red-shift supernovae observations are fit-
ted by a homogeneous cosmological model according
to
DhomL (zSN , H
app
0,SN) = D
obs
L (zSN) , (3)
with Happ0,SN ≈ 1.09H
app
0,CMB. We will show that if the
effects of primordial curvature perturbations are taken
into account a local inhomogeneity could resolve the
apparent discrepancy, i.e.
DinhL (zSN , H
true
0,CMB) = D
obs
L (zSN) . (4)
Such an inhomogeneity can arise naturally from
primordial curvature perturbations as predicted
by inflation and constrained by CMB observations
to have a standard deviation of about 5 × 10−5,
providing a simple mechanism for its origin.
3Modeling the local Universe We will model
the local structure with a LTB solution of Einstein’s
equation with a cosmological constant term, assuming
to be located around its center. This is a pressureless
spherically symmetric solution which allows to take
into account the non perturbative effects due to the
inhomogeneity. The central location assumption can
be interpreted [16] as calculating the monopole contri-
bution to the corrections coming from the local struc-
ture. Since we are considering inhomogeneities which
can be seeded by not very large fluctuations of pri-
mordial curvature perturbations, these structures can
arise very naturally. Only the use of an exact solution
allows to study their formation, since today they can
become highly non linear, and the standard theory of
structure formation based on a perturbative approach
cannot be applied to study their full evolution.
The LTB solution is given by [17–19]
ds2 = −dt2 +
(R,r )
2
dr2
1 + 2E(r)
+R2dΩ2 , (5)
where R is a function of the time coordinate t and the
radial coordinate r, E(r) is an arbitrary function of r,
and R,r = ∂rR(t, r). The Einstein’s equations with a
cosmological constant give(
R˙
R
)2
=
2E(r)
R2
+
2M(r)
R3
+
Λ
3
, (6)
ρ(t, r) =
2M,r
R2R,r
, (7)
where M(r) is an arbitrary function of r,
R˙ = ∂tR(t, r) and c = 8piG = 1 and is assumed in
the rest of the paper. We will also adopt, without
loss of generality, the coordinate system in which
M(r) ∝ r3, fix the geometry of the solution by using
a function k(r) according to 2E(r) = −k(r)r2, and
consider models with a vanishing bang function, i.e.
tb(r) = 0.
The effects of primordial curvature perturba-
tions The metric after inflation near a peak of the
primordial curvature perturbation [5, 7] can be writ-
ten as
ds2 = −dt2 + a2F (t)e
2ζ(r)(dr2 + r2dΩ2) , (8)
where ζ(r) is the primordial curvature perturbation.
The spherical symmetry approximation is justified by
the property of a Gaussian random field [8] according
to which large peaks of a stochastic function tend to
have a spherical shape. At a sufficiently early time
when both the LTB and the metric in eq.(8) are valid,
they can be matched [5] leading to the following rela-
tion
k(r) = −
1
r2
[(1 + rζ′)2 − 1] . (9)
The use of the LTB solution allows to study exactly
the formation of the structure seeded by ζ(r), and in
particular to go beyond the limitations of perturbation
theory. It turns out in fact that such early time tiny
curvature perturbations of the order of 10−5 can lead
to a highly non linear structure today whose effects
cannot be neglected.
Eq.(9) is very important because it gives the
connection between the early and the present Uni-
verse, and it can be used in two ways: given an
early Universe curvature perturbations it allows to
find the present day structure seeded by it, or vice
versa, given a present day structure it can be used
to find what primordial curvature perturbation could
have originated it. Normally the first approach is
adopted[5, 7], but in this letter we will adopt the
second one, since it is more convenient to define the
model of the inhomogeneity in terms of k(r). In
this way we can find a natural explanation for the
origin of the present day highly non linear structure
whose effect cannot be captured by perturbations
theory, while the use of the LTB solution gives the
non perturbative evolution of the structure.
Effects on the luminosity distance To com-
pute DΛLTBL (z) we need to solve the radial null
geodesics
dr
dz
=
√
1 + 2E(r(z))
(1 + z)R˙′[T (r(z)), r(z)]
, (10)
dt
dz
= −
R′[T (r(z), r(z))]
(1 + z)R˙′[T (r(z)), r(z)]
, (11)
and then we substitute in the formula for the lumi-
nosity distance in a LTB space
DinhL (z,H
true
0 ) = D
ΛLTB(z) = (1 + z)2R(t(z), r(z))
(12)
where we set the parameters of the LTB solution so
that
HLTB0 =
2
3
R˙(t0, 0)
R(t0, 0)
+
1
3
R˙′(t0, 0)
R′(t0, 0)
= Htrue0 . (13)
For homogeneous cosmological models we assume a
flat ΛCDM solution according to
H(z) = Happ0
√
ΩM (1 + z)3 +ΩΛ ,
DhomL (z,H
app
0 ) = (1 + z)
∫ z
0
dx
H(x)
. (14)
The above definitions are very important since they
give an explicit mathematical definition of Happ0 and
Htrue0 , which is coherent with the notion of apparent
observable adopted in this paper and which can be
expressed as
DhomL (z,H
app
0 ) = D
inh
L (z,H
true
0 ) = D
obs
L (z). (15)
4We consider solutions with the function k(r) given by
a gaussian
k(r) = Ae−(
r−r0
σ )
2
, (16)
centered approximately at the radial comoving coor-
dinate of low-redshift supernovae used for the local
estimation of H0. Different values of r0 can be cho-
sen to control the shape of the inhomogeneity. This
solution corresponds to a compensated inhomogene-
ity which is asymptotically homogeneous and, if the
width of the gaussian is sufficiently small, there is no
important difference between the central and asymp-
totic value of k(r). This property is quite important
because it ensures that the Universe is effectively a
flat ΛCDM at the center and sufficiently far from it,
making sure that the effect on the luminosity distance
at the last scattering is very small.
We will adopt a system of units in which Htrue0,CMB =
1, and use the fiducial value ΩΛ = 0.692. The time
used as initial condition at the center for the geodesics
equations is obtained by integrating the Einstein equa-
tion in the scale factor from the big-bang till today.
As shown in fig.(3), since the type of inhomogeneity
we have considered is compensated, it has no effect on
the luminosity distance outside it, i.e.
Dhom(Htrue0,CMB , zLS) ≈ D
inh(Htrue0,CMB , zLS) , (17)
where zLS is the redshift of the last scattering sur-
face, or any redshift sufficiently larger than zSN . This
is due to the fact that the central and the asymp-
totic value of the curvature function is approximately
the same. According to our definitions of apparent
observable, fitting CMB data with a homogeneous or
inhomogeneous model is consequently giving the same
estimate for Happ0,CMB ≈ H
true
0,CMB.
For the case of low redshift supernovae instead it
can be seen in fig.(2) that
Dinh(Htrue0,CMB , zSN) ≈ D
hom(Happ0,SN , zSN) = D
obs
zSN
,
(18)
which implies that
H
app
0,SN > H
true
0,SN = H
true
0,CMB . (19)
This shows how the effects of the inhomogeneity are
able to resolve the apparent disagreement between
cosmological and local estimations of H0, since the
luminosity distance is modified only around zSN .
As seen in fig.(2,3) the effect of the structure seeded
by this primordial curvature perturbation profile cor-
responds to and underdense central region followed
by an overdense shell, which is what we expect for a
compensated inhomogeneity, due to the fact that the
function k(r) is asymptotically zero. The luminos-
ity distance is decreased respect to the homogeneous
case both in the under and over dense regions, a rela-
tivistic effect associated to large gradient terms which
are normally neglected in Newtonian or perturbative
calculations as shown for example in [14]. This in-
homogeneity is seeded by a curvature perturbation of
less than two standard deviations as shown in fig.(1),
and the effect on the luminosity distance is associated
to the region of transition between different values of
ζ(r). Such a perturbation can occur quite naturally
according the inflationary scenario, and smaller ampli-
tude perturbations could still induce some important
effects.
The density profile shown in fig.(3) is compatible
with the results of the analysis of galaxy surveys[20].
Quite remarkably the Cepheids used to calibrate the
luminosity distance of the supernovae employed for
the local estimation of H0 in [2] are inside the region
with the largest overdensity(Subregion 2 in [20]) with
a density profile compatible with our model in the re-
gion of available data, suggesting a possible calibration
bias and general directional dependence1of the local
structure effects on the H0 estimation which could
be partially attributed to the presence in the region
of the Sloan Great Wall [21]. Since the calibration
affects the analysis of all the supernovae in any direc-
tion, the presence of this inhomogeneity could signif-
icantly bias the estimation of H0 based [2, 3] on the
analysis of all the low red-shift supernovae. Only a
detailed analysis could confirm if the effects on H0
are mostly due to the inhomogeneity in the angu-
lar region of the Cepheids, and the consequent bias
on the calibration. It could be that inhomogeneities
also have a strong effect on the luminosity distance
of the supernovae located in directions different from
the Cepheids, or that both effects are important. Nev-
ertheless the remarkably good qualitative agreement
between the density profile of the model we propose
to explains the H0 discrepancy and independent lumi-
nosity density and galaxy surveys data suggests that
calibration bias could be the main source of the H0
estimation discrepancy.
A careful investigation of such a directional depen-
dence goes beyond the scope of this paper, so we
will not pursue it here, but we expect our calcula-
tions to provide a good estimation of the effects due
to the density profile along that particular direction.
It would be interesting though to check carefully if us-
ing supernovae in different directions away from Sloan
Great Wall the H0 estimation could change signifi-
[1] The Cepheids used to calibrate the luminosity distance of the
supernovae are in the same right ascension range of Subre-
gion 2, but span a wider declination range, so here we are
assuming a similar density profile would be obtained if the
galaxy survey analysis was extended to the same declination
range of the Cepheids, or alternatively if H0 was estimated
only using the supernovae within the same declination range
of Subregion 2.
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FIG. 1: The primordial curvature perturbation ζ(r) and
the function k(r) are plotted for A = −0.5, r0 = rSN ∗
0.8, σ = r0/2.5, and rSN = r
ΛCDM . The quantities A
and k(r) are in units of (Htrue0,CMB)
2, while r0 is in units of
(Htrue0,CMB)
−1.The effect on the luminosity distance corre-
sponds to the region of transition between different values
of the curvature perturbation.
cantly from the one obtained by [2].
Conclusions We have shown how the apparent
value of Happ0,SN obtained from analyzing the super-
novae low red-shift luminosity distance data under
the assumption of homogeneity can receive an impor-
tant correction when the local structure is taken into
proper account. The apparent disagreement is due to
the different way in which the H0 estimation is af-
fected by the presence of the local inhomogeneity we
have considered. In the case of CMB, the inhomo-
geneity does not affect the distance to the last scat-
tering surface, implying that analyzing CMB data
under the assumption of homogeneity does not intro-
duce any misestimations. For low red-shift luminosity
distance instead there can be an important impact
which could resolve the discrepancy, or at least could
be able to account for part of the difference. The type
of inhomogeneity able to explain the difference can
be seeded by a primordial curvature perturbation of
the order of less than two standard deviations, and as
such can arise quite naturally according to the infla-
tionary scenario. This shows the importance of non
pertubative effects for any local observation in order
to avoid this kind of apparent tension with other mea-
surements less affected by the local structure.
Quite remarkably the comparison with galaxies red-
shifts surveys suggests that the the Cepheids used to
calibrate the luminosity distance of the supernovae
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FIG. 2: According to the definition in eq.(12-14),
the luminosity distance Dhom(Happ0,SN , z) for a homoge-
neous model and the luminosity distanceDinh(Htrue0,CMB , z)
for an inhomogeneous model are plotted in units of
(Happ0,CMB)
−1respectively with a dashed and solid line. De-
spite the difference in the value of H0 for the two models,
Dinh(Htrue0,CMB , zSN) ≈ D
hom(Happ0,SN , zSN), implying that
the observed luminosity distance DobsL (zSN) can be fitted
using Htrue0,CMB ≈ H
app
0,CMB instead of H
app
0,SN if the effect
of the inhomogeneity is taken into account by using Dinh
instead of Dhom, resolving the apparent discrepancy be-
tween local and cosmological observations.
employed for local estimation of H0 are in a region
of sky associated to a particularly high overdensity
and with an inhomogeneity profile compatible with
the one we have studied, which could be partially at-
tributed to the presence in that region of the Sloan
Great Wall. Since the calibration affects the analysis
of all the supernovae in any direction, the presence
of this inhomogeneity could significantly bias the esti-
mation of H0 based [2, 3] on the analysis of all the low
red-shift supernovae. Only a detailed analysis could
confirm if the effects onH0 are mostly due to the inho-
mogeneity in the angular region of the Cepheids, and
the consequent bias on the calibration. It could be
that inhomogeneities also have a strong effect on the
luminosity distance of the supernovae located in direc-
tions different from the Cepheids, or that both effects
are important. Nevertheless the qualitative agreement
between the density profile of the model we propose
to explains the H0 discrepancy and independent lumi-
nosity density and galaxy surveys data suggests that
the calibration bias could be the main source of the
discrepancy.
It would be interesting in the future to go beyond
the monopole contribution and extend the study
to the possible directional dependency of the local
H0 estimation. In this way it would be possible to
determine indirectly the higher multipoles of the
local structure which causes the apparent angular
dependency of Happ0 . The same type of analysis could
be extended to other cosmological parameters such
as for example the effective equation of state of dark
energy, which have already been shown to be affected
by local inhomogeneities, but are normally analyzed
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FIG. 3: On the top the percentage density contrast δρ
ρ
=
100(1− ρ
LTB(z)
ρΛCDM (z)
) is plotted as a function of the redshift,
showing how contrary to the linear theory approximation,
when non perturbative effects are taken into account, not
only underdense regions but also overdense regions can be
associated to the decrease of the luminosity distance nec-
essary to explain observations. On the bottom we plot in
units of (Htrue0,CMB)
−1 the luminosity distance for a ΛCDM
model and an inhomogeneous model. In both the top and
bottom plot the value of the Hubble parameter is the same
for the homogeneous and inhomogeneous models, H0 =
Htrue0,CMB . The dashed line is the plot of D
hom(Htrue0,CMB , z)
while the solid line is for Dinh(Htrue0,CMB , z). The luminos-
ity distance is approximately the same outside the inho-
mogeneity, for z > zSN , implying that the distance to the
last scattering is not affected by the inhomogeneity, and
consequently Htrue0,CMB ≈ H
app
0,CMB . This shows that the
analysis of the CMB data performed under the assump-
tion of homogeneity is not introducing any misestimation
for H0, contrary to its local estimation, which is based on
luminosity distance observations affected by it as shown in
fig.(2).
under the assumption of isotropy.
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